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ABSTRACT: Helical pipe surfaces as models for tubes and steel cables are not only of interest in 
technical science but also in knot theory as well as in molecular biology and polymer science. 
Mainly the double helical tube as the structure of the DNA molecule which contains the human 
genetic information is very popular. In this paper some special helical pipe surfaces are studied 
from the geometric point of view. 
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1. INTRODUCTION 
A helical tube is generated when a circle is 
moved along a helix so that its plane stays 
perpendicular to the helix all the time. This 
motion is called a Frenet motion. In CAD 
systems this way of surface generation is 
usually implemented as one rail sweep 
command. Obviuosly the tube radius must not 
exceed the (constant) radius of curvature of the 
helix to prevent self intersection of the tube.  

If two tubes T1, T2 touch each other not only 
in discrete points but along continuous curves 
their corresponding helices h1, h2 must belong 
to the same screw motion, which means that 
they have a common screw axis and the same 
screw parameter q = p in their parametric 
representations 

1 1 1[ cos( ), sin( ), ],h r t r t pt=  
2 2 2[ cos( ), sin( ), ]h r t w r t w qt= + +  

(w denotes the angle by which the helices h1, h2 
are rotated against each other). Therefore they 
all have the same pitch (i.e. height per one turn) 
of 2πp. 

For a proof of this statement we start with a 
fixed point P1 ∈ h1 belonging to a parameter 
value t = t0 and a variable point P2 ∈ h2 
belonging to t0 + w + s. Now we compute the 
tangent vectors 1 1 0 1 0[ sin( ), cos( ), ]v r t r t p= − , 

2 2 0 2 0[ sin( ), cos( ), ]v r t w s r t w s q= − + + + +  in 

P1, P2 and the vector 1 2n PP= . If n is a 
common normal of h1, h2 then the dot products 
v1· n and v2· n should be zero. This leads to 
the equations 

2 1 2 sin( )r r w sp
s

− +=  and 2 1 2 sin( )r r w sq
s

− +=  

which imply q p= . The case of different 
signs of p and q never leads to tubes touching 
along a curve and can be excluded. Thus 
q p=  is a necessary and sufficient condition 
for the existence of common normals of helices 
h1, h2 which are needed for the construction of 
touching tubes. If this condition is fulfilled we 
can find common normals of coaxial helices h1, 
h2 by intersecting the normal plane of h1 in an 
arbitrary point with h2 (Figure 1). As the 
common normals are not unique, there must be 
one that gives the minimal distance between h1 
and h2. The sum of the tube radii must not 
exceed this distance.  

The mathematical condition for the 
existence of common normals is given by the 

equation    
2

1 2

sin( )w s p
s rr
+ = − ,     (1) 

where s denotes the running parameter for helix 
h2 and w is the angle by which the two helices 
are rotated against each other. The formula for 



 
 
 

2 
 
 

the normal distance between h1 and h2 is: 
2 2 2 2

1 1 2 22 cos( )dist r r r w s r p s= − + + +    (2) 

 

  
Fig. 1: Common normals of two helices in 

frontal and perspective view. 

2. A SPECIAL SINGLE HELICAL TUBE 
Let us look at a single tube T - based on a helix 
h with Radius r - which touches itself and has 
no central hole (Figure 2). It should be 
remarked here that Maritan, Micheletti, 
Trovato, and Banavar [1] computed the slope 
of a single helix h with radius r = 1 whose 
radius of curvature equals the radius of a 
self-touching tube around h. This tube is 
different from that one described here as it does 
not contain the screw axis. 
 

  
Fig. 2: Single self-touching tube containing the 

screw axis, frontal and top view. 
 

Without restriction of generality we can choose 
r = 1. Then the condition for self touching is 

given by formula (1):    2sin( )s p
s

= −     (3) 

The left side of equation (3) is the socalled sine 
cardinal function (short sinc function). The 
absolute minimum of the sinc funtion can be 
computed with Maple® as ≈  
(rounded). Therefore self touching is only 
possible for parameter values of 

0.217233 0.466083p ≤ ≈ . 

 
Fig. 3: Sinc function. 

 
The Tube T will have no central hole (i.e. 

will contain the helical axis) if the half normal 
selfdistance of the helix h in formula (2) equals 
its radius r = 1: 

         
2 22 2cos( ) 2 0s p s− + − =     (4) 

Solving the equations (3) and (4) numerically 
yields three solutions for p and s of which only 
one {p ≈ 0.336508, s ≈ 5.596772} will give the 
desired result within one turn ( 0 2s π≤ ≤ ). 

The other solutions belong to values of s 
greater than 2π. They have to be excluded 
because the tube must touch itself within the 
first turn. Otherwise it would intersect itself. 

3. TWO HELICAL TUBES TOUCHING 
EACH OTHER ALONG A STRAIGHT 
LINE 

A helix h with radius r = 1 and slope p = 1 has 
a pitch of 2π. Let h0 be a rotated copy of h 
(rotation axis = helical axis, rotation angle = π). 
Then the pair (h, h0) is the classic double helix. 
Tubes T and T0 with radii r = r0 = 1 touch each 
other along the helical axis (Figure 4).  
 

 
Fig. 4: Double helical tube. 
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This result is not new. It has been published by 
Stasiak and Maddocks [2]. We can give a very 
simple explanation for it from the geometric 
point of view: A normal projection of h, h0 onto 
a plane parallel to the helical axis shows two 
symmetric graphs of the sine function which 
has a slope of 1 at its points of inflection. The 
projection of a plane normal to the helix h in 
such a point is tangent to the projection of h0. 
Therefore the only common normals of h, h0 
intersect the helical axis at right angle (Figure 
5). Hence all points of contact of the tubes T 
and T0 must lie on the helical axis. Obviously 
this is also valid for helices h, h0 with slope   
p > 1. 

 

  
Fig. 5 (left): Double helix with slope p = 1. 

Fig. 6 (right): Double helix with slope p < 1. 
 
For a slope p < 1 the projection of a plane 
normal to the helix h intersects the projection 
of h0 in two points within one helical turn 
(Figure 6). That’s why there exist two common 
normals of h, h0 in each point of h. They have 
different length and lead to different pairs of 
double helical tubes. Only the pair based on the 
shorter common normal will be touching one 
another - no more along the helical axis but 
along another helix. Therefore this double 
helical tube shows a central hole. 

4. TWO HELICAL TUBES WITH 
DIFFERENT RADII TOUCHING EACH 
OTHER ALONG A HELIX 

Let h1, h2 denote helices with radii r1, r2. They 
should be rotated against each other by 180 
degrees around their common axis and have the 
same pitch 2πp. Their parametric 

representations should be given by 
 

1 1 1[ cos( ), sin( ), ]h r t r t pt= , and 

2 2 2[ cos( ), sin( ), ]h r t r t pt= − − .  
 

Formula (1) now yields  
2

1 2

sin( )s p
s r r

=  . 

As the right side of the equation is always 
positive and the value of the sinc function has 
its absolute maximum of 1 at s = 0 we get the 
condition for contact of tubes T1, T2 around h1, 
h2: 2

1 2p rr≤ . 
There are infinitely many solutions for this 

inequation. Let us therefore consider the 
special case of equality. For s = 0 the endpoints 
of any common normal of h1, h2 belong to the 
same parameter value and have therefore the 
same z-coordinate. The common normals are 
horizontal and intersect the helical axis at right 
angle.  

The equation 2
1 2p rr=  rewritten as 2

1

p r
r p
=  

implies that our helices h1, h2 have inverse 
slopes. Figure 7a shows a frontal projection of 
such special helices h1, h2 and Figure 7b a 
perspective view of touching tubes based on 
them. If we choose r1 = r2 we get an equal 
slope of 1 for h1, h2 which leads to the special 
case mentioned in Section 3. 
 

  
Fig. 7 (left): Helices with inverse slopes. 
Fig. 8 (right): Tubes with different radii 

touching themselves along a helix. 
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5. N > 2 COAXIAL HELICAL TUBES 
WITH SAME RADII TOUCHING ONE 
ANOTHER 

Let us imagine a cable made from n > 2 drilled 
cords. Each two of them are helical tubes of 
equal radius, rotated around their common 
helical axis by an angle 2 /w nπ= . Due to 
rotational symmetry we need to consider only 
two adjacent tubes of them. Let T1, T2 such 
tubes around helices h1, h2. The condition (1) 
for the existence of common normals of h1, h2 

is          2sin( )w s p
s
+ = −  .        (5) 

The function at the left side of this equation is 
discontinuous at s = 0 where it trends to +/-∞ 
for any w, 0 < w < π (Figure 9). Therefore there 
will be always at least one value p satisfying 
condition (5).  

 
Fig. 9: Graph of sin(s+w)/s for w = 2π/3. 

 
As for all values of p a common normal of h1, 
h2 of minimal length exists, there are infinitely 
many possibilities of drilling n > 2 ropes 
together (Figure 10 shows several solutions for 
w = 2π/3). It makes sense to ask for an optimal 
solution with respect to a certain property of 
the basic helices h1, h2. O’Hara [3] suggested 
to minimize the average rope length of the 
helices. It is defined by the ratio of the arc 
length for one turn of a helix and the maximal 
possible radius of a tube around it.  

 
Fig. 10: Triple tubes with different slopes. 

 
Without restriction of generality the radius of 
the helices concerned may be set to r = 1. As an 
example we compute the optimal triple tube 
with respect to the average rope length ARL. 
The arc length for one turn of a helix with 
radius 1 and screw parameter p is given by  
L(p) = 22 1 pπ + . The maximal possible tube 
radius ρ is given by the half of the minimal 
normal distance between two adjacent helices 
by adapting formula (2) as 

      
2 22 2cos( )

2
w s p sρ − + +=  .    (6) 

Substituting 2 sin( )s wp
s
+= −  according to 

formula (5) in L(p) and (6) leads to the function 
sin( )( ) 4

( 2 2cos( ) sin( ) )
s w sARL s

s w s w s s
π − + +=

− + + + +
(Figure 11). 

 
Fig. 11: Graph of the function ARL(s). 
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After substituting 2 / 3w π=  the minimum of 
ARL(s) can be computed numerically with 
Maple®. This numerical calculation results in 
smin ≈ -1.0218, pmin ≈ 0.9271 and ρ ≈ 0.6967 for 
the optimized triple helical tube shown in 
Figure 12. 
 

 
Fig. 12: Triple helical tube with optimal 

average rope length. 

6. DOUBLE TORUS ROTOIDAL TUBES 
A torus rotoid is helical curve wound around a 
circular arc k of radius a. It can be generated by 
two proportional simultaneous rotations with 
skew perpendicular axes of constant distance a 
(see [4] and Figure 13). It may be interpreted as 
a helix on a torus surface. For a circle k of fixed 
radius a we can compute numerically a 
maximal tube radius r for which two helical 
tubes wound around k (in other words a double 
rotoidal tube) touch each other along the circle 
k having no other intersection (Figure 14). The 
goal of this computation is to find a value of r 
so that 2r is globally the minimum distance 
between the two rotoids. 
 

 
Fig. 13: Torus rotoid. 

 

 
Fig. 14: Double rotoidal tube. 

 
The computation is based on the distance 
function between the two rotoids h1 and h2 
which serve as the spine curves of the rotoidal 
tubes concerned. The parametric equations of 
h1 and h2 are 

1 1 1 1 1 1[( cos( ))cos( ),( cos( ))sin( ), sin( )]h a r pt t a r pt t r pt= − −

2 2 2 2 2 2[( cos( ))cos( ),( cos( ))sin( ), sin( )]h a r pt t a r pt t r pt= + + −   
 

The distance between two arbitrary points 
on h1 and h2 depends on a, r, p, t1, and t2 where 
a and p are fixed and r may be replaced by r = 
ξa (ξ  serving only as a scaling factor). In order 
to avoid a square root expression we can look 
at the square of the distance instead of the 
distance itself. Finally this function 2d could 
be plotted as a surface D above the [t1, t2]-plane 
(Figure 15). After a translation of D 
downwards the z-axis by (2r)2 the global 
minima should be points of D for which the 
coordinate plane z = 0 is a tangent plane. 
 

 
Fig. 15: Plot of the surface D. 

 
The computation with Maple® shows, that 
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these global minima lie on the straight line    
t1 = t2 which means that the shortest distances 
between the rotoids h1 and h2 are always found 
on common normals intersecting the circle k. 
Unfortunately we could not find a simple 
formula which describes the interdependence of 
the parameter p and the radius r, but for given a 
and p the maximum tube radius r could be 
computed. Figure 16 shows various double 
rotoidal tubes for fixed a = 10 and parameter 
values: 
p1 = 0 (which is the trivial case of two tori 
touching each other along a circle), p2 = 1, p3 = 
2, p4 = 3, and p5 = 4. The corresponding tube 
radii are r1 = 5, r2 ≈ 3.8490, r3 ≈ 2.9072, r4 ≈ 
2.3010, and r5 ≈ 1.8925. 
 

 
Fig. 16: Double rotoidal tubes belonging to 

different parameter values. 
 

7. GENERALIZED DOUBLE HELICAL 
TUBES AROUND A SPATIAL CURVE 

Double helical tubes could not only be wound 
around planar curves. It is also possible to 
compute such surfaces touching each other 
along a sufficiently smooth spatial curve. For 
example we consider a Bezier curve b of third 
order given by 4 corners (0 / 0 / 0), (1 / 0 / 0), 
(1 / 0 / 1) and (1 / 1 / 1) of the unit cube. The 
parametric representation of b is given by 
 

2 2 3

3

2 3

3 (1 ) 3 (1 )

3 (1 )

t t t t t
b t

t t t

⎡ ⎤− + − +
⎢ ⎥= ⎢ ⎥
⎢ ⎥− +⎣ ⎦

, 0 ≤ t ≤ 1 

 
After applying the transformation of a 

Frenet motion along the curve b to the points 
(0, 0, r) and (0, 0, -r) we get two 

“pseudohelical” curves h1, h2 wound around b 
(Fig. 17) which can serve as spine curves for 
pipe surfaces with radius r. We call them 
“pseudohelical” because the rotation around b 
is carried out not uniformly, but with changing 
speed along the curve. The reason for this is 
that b is not parameterized by arc length (which 
would not always be possible or at least rather 
difficult to compute).   

 
Fig. 17: “Pseudohelical” curves around Bezier 

curve, r = 0.2. 
 

Following the same concept as in Section 7 
we could compute numerically a maximum 
value of the tubes’ radius rmax ≈ 0.1754 under 
the condition that 2rmax is the absolute 
minimum distance between the two 
“pseudohelices” h1 and h2. Figure 18 shows 
these pipe surfaces which touch each other 
along the given Bezier curve b and further – 
what was truly not expected – in at least one 
isolated point P with rounded coordinates  
(0.54 / 0.03 / 0.26). 

 
Fig. 18: “Pseudohelical” tubes of maximal 

radius around Bezier curve. 
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