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Abstract. Geogebra, a free software tool for dynamic geometry
developed by M. Hohenwarter and an international team, has opened
new possibilities in teaching elementary geometry from a kinematic,
dynamic and interactive viewpoint. This paper is an extended abstract
of the lecture given at the conference.
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1 Introduction
Dynamic software packages like Geogebra TM, Cindarella TMor Cabri TM

have chanced the teaching of geometry considerably. The dynamic aspect
especially enlightens the invariance of certain geometric properties. Or
more tersely: by changing the parameters of a geometric construction
it is much easier for the students to “see” or “discover” invariances like
remarkable intersection points, collinearity, orthogonality etc. A newly
designed course in elementary geometry should include these possibilities.

2 Didactic principles
In the course I followed didactic principles established by Gutenmacher, V.
and Vasilyev in their book “Lines and Curves” [1] and tried to emphasize
the dynamic and interactive aspects. Gutenmacher and Vasilyev define
elementary geometry:
Elementary geometry looks for sets or loci of points satisfying various
geometric conditions.

The solution sets of basic geometric conditions are described in basic
“theorems” called the alphabet to support the students in finding the solu-
tions of more complex problems. Starting from very simple “letters” of the
alphabet like “the set of all points being equidistant to two points A and B
is a straight line perpendicular to the segment AB and passing through its
midpoint” to more sophisticated “letters” like “the set of points M , the ra-
tio of whose distances from the straight line l1 and l2 is equal to a constant
c , is a pair of straight lines passing through the point of intersection of the
straight lines l1 and l2” [1, p.29] are introduced step by step. Each letter
is connected to a set of interesting geometric problems, which have often a
common feature: the geometric loci are generated by some motion. This
paradigm opens the possibility to use a dynamic software package in the
classes. The basic idea is, that geometric theorems are at first visualized



with Geogebra, then modified by changing the parameters by and then
“visually” geometric properties, like invariant points, lines, circles, conic
sections or other algebraic objects are recognized. Using these discoveries
a stringent proof of a geometric property or locus is sought.

It is remarkable to note in this context that an old paradigm of ele-
mentary geometry is no longer valid: construction with ruler and compass
only! This paradigm is equivalent to the solution of algebraic equations
over the quadratic field. Using computer software this construction is
replaced by the numerical possibilities (or limitations!) to snap points.
In Geogebra for example it is possible to snap the intersection of conic
sections, which is in general a task equivalent to solving a degree four
equation. In the course these new possibilities were used and made aware
to the students.

As elementary geometry is such a vast field a selection of topics had
to be made. The selection was made according to the basic principles
explained above. Especially such contents were chosen that were found
suitable for the proposed kinematic-dynamic teaching method:
• Elementary constructions and geometric properties using the alpha-

bet (perpendicular bisector, angle bisector, distance properties, cen-
ter angle theorem, Appolonius’ circle).

• Applications of basic constructions and properties to triangles and
circles.

• Levelsets and level curves of elementary geometric properties.

• Conic sections an their properties.

• Algebraic curves (Parallel curves, pedal curves, cissiods . . . ).

• Inversion.

3 Example
The teaching method is demonstrated now in a simple example: The set
of points in the plane whose product of distances to two fixed points A
and B is constant is called Cassini’s oval. It is well known, that Cassini’s
curves ar algebraic curves of degree four. A Geogebra construction of this
curve can be done using the power of a point with respect to a circle. In
Fig.1 the two points A and B are given. Now we draw a circle c with
diameter AB. Let further be given a point C on the line a = AB. A
variable line b passing through C intersects c in two points E and F . The
product of distances CE · CF = const. We draw two circles d and e;
one centered at A with radius CE and the other one centered at B with
radius CF . Both circles intersect in the points G and H. When point E
moves around circle c, the points G andH describe a Cassini oval. Moving
point C along a creates different types of Cassini’s ovals. An interesting



Figure 1: Geogebra construction of Cassini’s oval

question would be to find out the condition when the curve is unicursal,
has a double point or two components.

In a next step the equation of the ovals is derived. We introduce a
coordinate system with origin at the midpoint D of AB and the x-axis
along a. The coordinates of A and B are: A(−c, 0) and B(c, 0). The
equation of the curve is then

[(x− c)2 + y2] · [(x+ c)2 + y2] = p2, c, p ∈ R.

The curve is fully cyclic, i.e. it passes through the absolute circle
points of the plane. This can be seen easily by homogenizing the curve
equation and intersecting with the line at infinity or more elementary by
the Geogebra construction: the curve is generated by the intersection of
a one parameter set of pairs of circles. Each pair intersects in two proper
real or complex conjugate points but also in the absolut circle points.

4 Conclusion
The dynamic viewpoint in teaching elementary geometry opens new possi-
bilities in explanatory learning. The dynamic software allows fast change
of the input parameters and allows the students to “discover” invariant
points, lines orthogonality relations, and line intersections. The students
seemed to be more motivated by this approach.
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