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A. Kecskeméthy (eds.)
Lima, Peru, 9–11 January 2008

A PROPOSAL FOR A NEW DEFINITION OF THE DEGREE OF
FREEDOM OF A MECHANISM

Manfred L. Husty, Hans-Peter Schröcker
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Abstract. Using the algebraic representation of mechanisms via kinematic mapping we give
a new definition of the degree of freedom of a mechanism. This definition takes into account
the design of the mechanism and will yield the correct results for mechanisms with special
dimensions, when classical formulas like e.g. the Grübler-Kutzbach-Tschebysheff formula fail.
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1 INTRODUCTION

There is a long history in defining and computing the degree of freedom (DoF) of a mechan-
ical system. It starts with a classical paper of Euler and continues until today. An overview of
most of the classical concepts starting with Euler’s formula up to the most recent developments
can be found in a paper by Alizade et. al. [1]. Virtually all of the developed concepts use
topological information to determine the DoF. The number of links, joints, loops, number of
screw pairs, simple structural groups, number of kinematic pairs, number of links with variable
length, just to enumerate some of them.

It is not surprising that all of these concepts fail whenever the mechanisms has “special
dimensions”. We do not elaborate at the moment what special dimensions mean. Concepts of
overconstrained, exceptional and pathological mechanisms have been introduced.

It has to be emphasized that exceptional or pathological behavior of a mechanisms is always
linked to special design parameters. Therefore one has to take into account the geometry of the
mechanism to define the degree of freedom. Recent developments in the algebraic description of
mechanisms using kinematic mapping give the motivation to come up with a natural definition
of DoF. To do this we will use the natural invariants of the algebraic varieties associated to the
mechanisms.

In Section 2 we recall basic concepts of kinematic mapping and introduce the algorithms that
translate the motion behavior of a mechanisms into algebraic equations. Section 3 introduces
the new definition of DoF after providing necessary basic results from algebraic geometry. In
Section 4 we show how the concept of constraint equations can be used to compute the Jacobian
matrix of a manipulator.

2 KINEMATIC MAPPING

The fundamental concept of relating mechanical structures with algebraic varieties is Study’s
kinematic mapping [10, 11]. It associates to every Euclidean displacement α a point x in real
projective space P 7 of dimension seven or, more precisely, a point on the Study quadric S ⊂
P 7. There exist other kinematic mappings besides Study’s but these topics are beyond the
scope of the present text. A formal definition of Study’s kinematic mapping is given below in
Subsection 2.1.

Our description is based on the original works of Study [10, 11]. These are comprehensive
and deep but not always easily readable texts and, unfortunately, only available in German.
Modern references on the same topic include [6] or [9].

2.1 Study’s kinematic mapping

Euclidean three space is the three dimensional real vector space R3 together with the usual
scalar product xTy =

∑3
i=1 xiyi. A Euclidean displacement is a mapping

γ : R3 → R3, x 7→ Ax + a (1)

where A is a proper orthogonal three by three matrix and a ∈ R3 is a vector. The entries of
A fulfill the well-known orthogonality condition AT · A = I3, where I3 is the three by three
identity matrix.

The group of all Euclidean displacements is denoted by SE(3). It is a convenient convention
to write Equation (1) as product of a four by four matrix and a four dimensional vector according
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to [
1
x

]
7→

[
1 oT

a A

]
·
[
1
x

]
. (2)

Study’s kinematic mapping κ maps an element α of SE(3) to a point x ∈ P 7. If the homo-
geneous coordinate vector of x is [x0 : x1 : x2 : x3 : y0 : y1 : y2 : y3]

T , the kinematic pre-image
of x is the displacement α described by the transformation matrix

1

∆


∆ 0 0 0
p x2

0 + x2
1 − x2

2 − x2
3 2(x1x2 − x0x3) 2(x1x3 + x0x2)

q 2(x1x2 + x0x3) x2
0 − x2

1 + x2
2 − x2

3 2(x2x3 − x0x1)
r 2(x1x3 − x0x2) 2(x2x3 + x0x1) x2

0 − x2
1 − x2

2 + x2
3

 (3)

where
p = 2(−x0y1 + x1y0 − x2y3 + x3y2),

q = 2(−x0y2 + x1y3 + x2y0 − x3y1),

r = 2(−x0y3 − x1y2 + x2y1 + x3y0),

(4)

and ∆ = x2
0 + x2

1 + x2
2 + x2

3. The lower three by three sub-matrix is a proper orthogonal matrix
if

x0y0 + x1y1 + x2y2 + x3y3 = 0 (5)

and not all xi are zero. If these conditions are fulfilled we call [x0 : · · · : y3]
T the Study

parameters of the displacement α.
The important relation (5) defines a quadric S ⊂ P 7 and the κ-image of SE(3) is this quadric

minus the three dimensional subspace defined by

E : x0 = x1 = x2 = x3 = 0. (6)

We call S the Study quadric and E the exceptional or absolute generator.
The parameterization (3) of SE(3) may look rather artificial and complicated but it has an

important feature: The composition of displacements in Study parameters is bilinear (see [7]).
In [10] Study shows that

• this requirement cannot be fulfilled with a smaller number of parameters and

• the representation of Euclidean displacements is unique, up to linear parameter transfor-
mations and transformations via identically fulfilled relations between the parameters.

Moreover, the Study parameters are closely related to the ring of biquaternions or dual quater-
nions as we shall rather say.

For the description of a mechanical device in P 7 we usually need the inverse of the map
given by Equations (3) and (4), that is, we need to know how to compute the Study parameters
from the entries of the matrix A = [aij]i,j=1,...,3 and the vector a = [a1, a2, a3]

T . Until recently,
kinematics literature used a rather complicated and not singularity-free procedure, based on the
Cayley transform of a skew symmetric matrix into an orthogonal matrix (see [3]). The best way
of doing this was, however, already known to Study himself. He showed that the homogeneous
quadruple x0 : x1 : x2 : x3 can be obtained from at least one of the following proportions:

x0 : x1 : x2 : x3 = 1 + a11 + a22 + a33 : a32 − a23 : a13 − a31 : a21 − a12

= a32 − a23 : 1 + a11 − a22 − a33 : a12 + a21 : a31 + a13

= a13 − a31 : a12 + a21 : 1− a11 + a22 − a33 : a23 + a32

= a21 − a12 : a31 + a13 : a23 − a32 : 1− a11 − a22 + a33.

(7)
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In general, all four proportions of (7) yield the same result. If, however, 1+a11 +a22 +a33 = 0
the first proportion yields 0 : 0 : 0 : 0 and is invalid. We can use the second proportion instead
as long as a22 +a33 is different from zero. If this happens we can use the third proportion unless
a11 + a33 = 0. In this last case we resort to the last proportion which yields 0 : 0 : 0 : 1. Having
computed the first four Study parameters the remaining four parameters y0 : y1 : y2 : y3 can be
computed from

2y0 = a1x1 + a2x2 + a3x3,

2y1 = −a1x0 + a3x2 − a2x3,

2y2 = −a2x0 − a3x1 + a1x3,

2y3 = −a3x0 + a2x1 − a1x2.

(8)

2.2 Constraint varieties

In this part we demonstrate how kinematic mapping can be used to translate mechanisms to
algebraic varieties in P 7. These varieties describe the possible configurations of the mechanism
and are called constraint varieties. This approach has been used in various papers to discuss
the direct kinematics of Stewart-Gough platforms [4], singularities and self motions of platform
mechanisms [5] or the inverse kinematics of serial robots [8].

There are two fundamental operations how the algebraic varieties describing a mechanism
can be obtained. Most of the time we will have a parametric representation of the motion capa-
bilities of a mechanism. Then we obtain the constraint equations by implicitization. Sometimes
the constraint equations are obtained by transforming a Cartesian constraint into the kinematic
image space. This is done for example when we know that a point of the moving system (e.g.
the coupler) is bound to move on a geometric object (e.g. a curve or a surface). It is important
to note that one can derive the algebraic equations for a normal form of the linkage and trans-
form the equations in the kinematic image space to obtain general positions. Geometrically,
this means that one uses the most appropriate (best adjusted) coordinate system to describe the
mechanism, or parts of it. The operation to put the mechanism and the end-effector into gen-
eral position is performed in the image space. The most important reason to do this, is that
in the image space this operation is linear, i.e. it does not increase the degree of the involved
equations.

A parameterized representation of the kinematic image of a revolute joint can be derived in
such a normal form by taking a rotation about the z-axis with an angle ϕ, which is described by
the matrix

A =


1 0 0 0
0 cos ϕ − sin ϕ 0
0 sin ϕ cos ϕ 0
0 0 0 1

 . (9)

Its kinematic image, computed via (7) and (8) is

r = [1 + cos ϕ : 0 : 0 : sin ϕ : 0 : 0 : 0 : 0]T . (10)

As ϕ varies in [0, 2π), r describes a straight line on the Study quadric which reads after alge-
braization

r = [1 : 0 : 0 : u : 0 : 0 : 0 : 0]T . (11)

It is a straight line and computing its algebraic equations is elementary. Still, we will show how
to carry out these computations explicitly because this demonstrates a general procedure for

4



Manfred L. Husty and Hans-Peter Schröcker

obtaining constraint varieties. Consider the kinematic image (10). It is given in a normal form
and we see that it is described by six linear equations

H1(x) : x1 = 0, H2(x) : x2 = 0, K0(x) : y0 = 0,

K1(x) : y1 = 0, K2(x) : y2 = 0, K3(x) : y3 = 0.
(12)

These equations describe six hyperplanes in the kinematic image space and the line is the inter-
section of these six linear spaces. In order to obtain the constraint variety of a revolute joint in
general position we have to transform the hyperplanes Hi(x), Kj(x) via the projective transfor-
mations using the operators Tf and Tm:

y = TfTmx, Tm =

[
A O
B A

]
, Tf =

[
C O
D C

]
, (13)

where

A =


m0 −m1 −m2 −m3

m1 m0 m3 −m2

m2 −m3 m0 m1

m3 m2 −m1 m0

 , B =


m4 −m5 −m6 −m7

m5 m4 m7 −m6

m6 −m7 m4 m5

m7 m6 −m5 m4



C =


f0 −f1 −f2 −f3

f1 f0 −f3 f2

f2 f3 f0 −f1

f3 −f2 f1 f0

 , D =


f4 −f5 −f6 −f7

f5 f4 −f7 f6

f6 f7 f4 −f5

f7 −f6 f5 f4

 ,

(14)

and O is the four by four zero matrix.
The matrices Tm and Tf commute and they induce transformations of P 7 that leave fixed

the Study quadric S, the exceptional generator E, and the exceptional quadric F ⊂ E, defined
by the equations

F : x0 = x1 = x2 = x3 = 0, y2
0 + y2

1 + y2
2 + y2

3 = 0. (15)

The entries of the matrices Tm and Tf are the Study parameters of the transformations, that
bring the fixed and the moving coordinate systems into general positions. The quadrics S and
F and the three space E are special objects in the geometry of the kinematic image space. A
more elaborate discussion on the transformations Tm and Tf and their properties can be found
in [7] and [8]. A mechanism is described by a subvariety V of P 7 representing the constraints
or the motion capabilities of the mechanism. A non-generic position of V with respect to S, E
and F distinguishes its kinematic properties from a projectively equivalent subvariety W .

The procedure described above does not only work for linear equations but also for algebraic
equations of arbitrary degree. It is emphasized once more that projective transformations are
linear and therefore do not alter the degree of the transformed equations.

3 ALGEBRAIC DEFINITION OF DEGREES OF FREEDOM

Historically most of the developed formulas to determine the DoF of a mechanism use the
topological structure and fail whenever special design parameters cause anomalies. Excep-
tional, pathological or over-constrained mechanisms need special treatment. An overview of
most of the classical concepts starting with Euler’s formula up to the most recent developments
can be found in [1].
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Within the setting of algebraic geometry and the theory developed in above it is natural to
define the degree of freedom of a mechanism as the Hilbert dimension of the algebraic variety
associated with the mechanical device.

To obtain a more formal definition of the above statement we have to provide some standard
definitions from algebraic geometry. They are taken from [2], a reference which also treats
some problems in robotics. The set of polynomials in x0, . . . , xk forms a ring which is denoted
by k[x0, . . . xn]. If k is a field and f1, . . . , fs are polynomials in k[x0, . . . , xn], and if

V(f1, . . . , fs) = {(a1, . . . , an) ∈ kn : fi(a1, . . . , an) = 0, for all 1 ≤ i ≤ s}

then V(f1, . . . , fs) is called an affine variety defined by the polynomials fi. The definition
says essentially that the affine variety is the zero set of the defining polynomials. In case of
homogeneous polynomials the variety is called a projective variety. The most important object
in algebraic geometry is an ideal I , which is a subset of k[x0, . . . , xn] that satisfies the following
properties (see [2]):

(i) 0 ∈ I.
(ii) If f, g ∈ I, then f + g ∈ I.
(iii) If f ∈ I and g ∈ k[x0, . . . , xn] then f · g ∈ I .

To come to the formal definition of the Hilbert dimension we need one more ingredient. The
set of leading terms LT (I) of an ideal is defined by

LT (I) = {cxα : there exists f ∈ I with LT (f) = cxα}

The ideal generated by the set LT (I) is called leading term ideal and denoted by 〈LT (I)〉. Now
the dimension can be computed using the dimension theorem ([2]), which states:

Theorem. Let V = V(I) be an affine variety, where I ⊂ k[x1, . . . , xn] is an ideal. If k is
algebraically closed, then

dim V = maximum dimension of a coordinate subspace in V(〈LT (I)〉).

Symbolic computation software like Maple, Mathematica or Singular have direct commands
to perform the necessary computations. The algorithms behind the commands use Gröbner
bases, compute the ideal V(〈LT (I)〉) and the maximal coordinate subspace in this ideal. An-
other possibility is to compute the Hilbert polynomial. Its degree also gives the dimension of
the ideal.

In kinematics caution has to be taken with respect to reality of the variety and its intersection
with the exceptional generator E. The direct kinematics of the Stewart-Gough platform can
provide an example to show the procedure. We use the algorithm provided in [4] to obtain the
algebraic description of the device. Six sphere constraint equations yield six quadratic polyno-
mials in the image space coordinates. When we add the Study quadric equation and compute
the Hilbert dimension we obtain dim = 2. The reason for this result is the intersection of the
constraint equations with the exceptional generator E. Every sphere constraint variety contains
the exceptional quadric F . This problem can be overcome easily by adding a normalizing con-
dition (x2

0 + x2
1 + x2

2 + x2
3 = 1) which removes the exceptional generator from the ideal. Then

we obtain a zero dimensional component which determines the 40 discrete solutions. That is,
for fixed leg lengths the degree of freedom is, in general, zero. For an actual example we take a
hexagonal Stewart Gough platform which can be represented by the following set of polynomial
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equations that generates the ideal describing the direct kinematics of this manipulator. Using
the following commands:

> with(Groebner):
> F:=[U4,U2,U3,U8,U10,U7,h1,x_0ˆ2+x1ˆ2+x2ˆ2+x3ˆ2-1];
F := [244x1y0−792x3y2−244x0y1+1370y3x1−1370x3y1+422x0y2+439323x2

2+1465x2
3+

999x2
0 − 436859x2

1 + 792x2y3 − 422x2y0 − 544796x0x3 + 505072x2x1, −101x1y0 − 156x3y2 +
101x0y1 +156x2y3 +68081x0x3−101796x2x1− 4401

4 x2
1− 4401

4 x2
3− 4401

4 x2
2− 4401

4 x2
0,−61x1y0 +

198x3y2 + 61x0y1 − 198x2y3 − 68203x0x3 − 126565x2x1 − 6713
2 x2

1 − 6713
2 x2

3 − 6713
2 x2

2 − 6713
2 x2

0,

−204402x0x3−297x2x1− 3749
2 x2

1− 3749
2 x2

3− 3749
2 x2

2− 3749
2 x2

0,−404x1y0−624x3y2 +404x0y1 +
1082y3x1 − 1082x3y1 − 700x0y2 − 375644x2

2 − 22627x2
3 − 22712x2

0 + 330305x2
1 + 624x2y3 +

700x2y0−545284x0x3−408372x2x1, x0y0+x1y1+x2y2+x3y3,−640x1y0−5664x3y2+640x0y1+
384y3x1− 384x3y1 +1496x0y2 +4y2

0 +4y2
3 +4y2

2 +4y2
1 +1891923x2

2 +1761263x2
3− 87533x2

0−
218193x2

1 + 5664x2y3 − 1496x2y0 − 1089888x0x3 + 391552x2x1, x
2
0 + x2

1 + x2
2 + x2

3 − 1]
> HilbertDimension(F,tdeg(x_0,x_1,x_2,x_3,y0,y1,y2,y3));

0

Maple computes the correct dimension 0 which states algebraically that the zero set of the
ideal generated by the equations above consists of a set of discrete points. Kinematically it
means that the mechanism with the given set of input parameters (coordinates of the anchor
points and length of the legs) will have a discrete set of assembly modes. Note that the actual
degree of freedom of a Stewart-Gough platform with fixed leg lengths can be greater than zero.
To show this we let Maple compute the Hilbert dimension of another set of constraint equations.
This time we have only seven equations because one of the variables (x0) had been set to zero.
This set of equations belongs to the Griffis-Duffy type of 6-SPS platform mechanisms [5].

> with(Groebner):
> G:=[U2,U3,U4,U5,h1,U7,x0ˆ2+x1ˆ2+x2ˆ2+x3ˆ2-1];
G := [−4x2y3 + 12x1y0 + 4y2x3 + 4

√
3x1x2, 8

√
3x2y0,−4x2y3 − 12x1y0 + 4y2x3 + 4

√
3x1x2,

− 2
3

√
3(
√

3x2y3−3
√

3x1y0−
√

3y2x3+
√

3x2
2+

√
3x2

3−3x1x2+3x2y0−3y3x1+3x3y1), 4
√

3y0(
√

3x1+
x2), 4y2

0 + 4y2
1 + 4y2

3 + 4y2
2 + x2

3(2 − R) + x2
1(2 − R) + x2

2(2 − R) + 2
√

3x3y1 + 6x1y0 + 2y2x3 +
2
√

3x2y0 − 2x2y3 − 2
√

3y3x1 + x2
1 − x2

3 + 2
√

3x1x2 − x2
2, x1y1 + x2y2 + x3y3,−1 + x2

1 + x2
2 + x2

3]
> HilbertDimension(F,tdeg(x1,x2,x3,y0,y1,y2,y3));

1

The computation of the Hilbert dimension yields 1 although the topology of this mechanism
is exactly the same as the topology of the mechanism before. It has the same number of links,
joints and loops. All the known formulas to compute the degree of freedom will tell that both
devices will have the same degree of freedom. Algebraically the result above means that the
ideal generated by the set of G is one dimensional, the algebraic variety generated by the zero
set of these equations is one dimensional and consists therefore of a curve. Kinematically this
means that the mechanism has one degree of freedom. It has a self motion (see [5]).

The most important finding is therefore, that the geometry (the dimensions, the design) of a
mechanism is taken into account when the Hilbert dimension is used to compute the degree of
freedom, not only the topology.
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4 MECHANISM SINGULARITIES

The singular configurations of a mechanism are an important topic in mechanism analysis.
The precise definition and classification of mechanism singularities is far beyond the scope of
this article (compare [12] and the references therein). In particular, singular configurations of
a mechanism do not necessarily correspond to singularities of the mechanism’s constraint va-
rieties. To obtain a formal definition of singularity in kinematics within the algebraic setting
provided in this paper we can follow the exposition in [2] and apply the results therein to the con-
straint varieties of the mechanism. Let V ∈ kn be a constraint variety and let p = [p0, . . . , p7]

T

be a point on V . The tangent space of V at p, denoted Tp(V ), is the variety

Tp(V ) = V(dp(f) : f ⊂ I(V)) (16)

of linear forms of all polynomials contained in the ideal I(V) in point p (see [2], page 486).
With this definition we can immediately link the tangent space to the local degree of freedom
of the mechanism: The local degree of freedom is defined as dim Tp(V ). Computationally the
differentials are to be taken with respect to the Study parameters xi, yi. In kinematics these
differentials are collected in the Jacobian matrix of the manipulator

J(fj) =

(
∂fj

xi

,
∂fj

yi

)
, (17)

where fj are polynomials describing the constraints, the Study condition, and a normalizing
condition (e.g. x2

0 + x2
1 + x2

2 + x2
3− 1 = 0). The normalizing condition has to be added to avoid

dimensional problems coming from the exceptional generator E. In a nonsingular position of
the mechanism the Jacobian J will have maximal rank. A singular position is characterized by
rank deficiency of J and the defect is directly related to the local degree of freedom. It has to
be noted that this definition of the Jacobian of a mechanism yields exactly the same results as
the classical definitions.

5 CONCLUSION

In this paper a new definition of the degree of freedom of a mechanical device is given. It
takes into account the dimensions of the mechanism. It is believed that this definition will help
to overcome difficulties that appear when the device has a special geometry. Furthermore a new
algorithm to compute the local degree of freedom is given. This algorithm uses the dimensions
of the local tangent spaces of the algebraic varieties to compute the local degree of freedom
of the mechanism. There are still a lot of open problems linked to the algebraic description
of mechanical devices. But there are results and algorithms that allow the transformation of
mechanical devices into the language of algebraic geometry.
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