
Non-singular assembly mode change in
3-RPR-parallel manipulators

Manfred L. Husty

Abstract Non singular assembly mode change of parallel manipulators has been
discussed for a while within the robotics community. This term means that a parallel
robot can pass from one solution of the direct kinematics into another without cross-
ing a singularity. In this paper we will show that opposed to the accepted opinion all
general planar 3-RPR parallel manipulators have this ability. Using geometric prop-
erties of the singularity surface of this manipulator we will give a rigorous mathe-
matical proof for this proposition. This proof will use the fact that the singularity
surface is a fourth order surface having only very special singularities. A secondary
result of this proof will be the first proof for the widespread used property that the
singularity surface divides the workspace of the manipulator into two aspects that
are path connected. We derive a simple technique how to construct singularity free
trajectories that join all assembly modes of one connected component.

1 Introduction

The motivation for this paper is to clarify some open problems concerning the prop-
erties of non singular assembly mode change of general 3−RPR-parallel manipula-
tors. This type of parallel mechanism consists of a base and a platform. Three points
of the base are connected to the platform via extensible legs mounted to base and
platform with revolute joints. The layout of the mechanism and the corresponding
coordinate systems are displayed in Fig.1. The kinematics, workspace and singular-
ities of this mechanism were studied in several papers (see for instance [2, 3]).

Recently some authors have brought up again the issue of non singular assembly
mode change in parallel manipulators ([10, 12, 14]). The existence of continuous
paths joining two solutions of the direct kinematics without crossing a singularity
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Fig. 1 Planar 3-RPR parallel mechanism.
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Fig. 2 Six solutions of the direct kinematics

is old. The discussion of non-singular assembly mode change started with a paper
by Innocenti and Parenti-Castelli [11]. In the following years several authors tried
to link this property with the notion of cuspidality (see esp. [10] and the references
there). But there are doubts to some assumptions that have been used in almost
all of the papers without proof. The most questionable among these assumptions
is that the singularity surface divides the workspace into two aspects (i.e. into two
disjoint path-connected components). It will turn out that this assumption is correct
but the proof is not trivial. It needs a generalization of the famous Jordan curve
theorem to surfaces in 3d space. In this paper the rational parametrization of the
singularity surface S developed in [6] will be used to obtain an analytic expression
of its counterpart S in the joint space. It turns out that S is algebraic and of degree
12. With the analytic expression it is possible to get a more accurate representation
of S than those published in [10] or [12]. The algebraic representation of S in the
kinematic image space will allow to proof that every general 3−RPR planar parallel
manipulator has the property of non-singular assembly mode change.

The paper is organized as follows: In Section 2 we briefly recall the kinematic
mapping, the constraint equations and their use to solve the direct kinematics of the
3−RPR manipulator. Furthermore we discuss the singularity surface S in the image
space and its rational representation. In Section 3 we use the rational representation
to map S to the joint space. In Section 4 we use all the collected information to proof
the non-singular assembly mode change property and show in a general example
how simple assembly mode changing trajectories can be constructed.

2 Direct kinematics and the singularity surface in the kinematic
image space

A Euclidean displacement D of a plane Σ can be written as p0 = A · p, where p
is a vector whose entries are the homogeneous coordinates of the moving point
P(1 : px : py), p = (1, px, py)T , expressed in Σ , p0 represents the same point in the
fixed system Σ0. The matrix A is given by
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A =

 1 0 0
a cosφ −sinφ

b sinφ cosφ

 , (1)

where (a,b) are the components of the translation vector connecting the origins of
Σ and Σ0 and φ is the rotation angle of Σ relative to Σ0. In 1911, W. Blaschke and J.
Grünwald introduced simultaneously the kinematic mapping as a mapping κ of the
planar Euclidean displacements (D ∈ SE2) into a projective 3-space by

κ : SE2 7→ P3

D 7→ κ(D) =
(

2cos
φ

2
: 2sin

φ

2
: asin

φ

2
−bcos

φ

2
: acos

φ

2
+bsin

φ

2

)
=

= (x0 : x1 : x2 : x3). (2)

Every point in the kinematic image space, except those where x0 = x1 = 0, cor-
responds to a unique displacement of the plane. The plane x0 = 0 is the plane at
infinity of P3 and points in this plane correspond to 180◦ turns. This concept is very
useful in the kinematic analysis of parallel mechanisms (see for instance [5, 3]).
Given a point in the image space, the entries of A can be computed with the help of
the following relations:

tan
φ

2
=

x1

x0
, a =

2(x1x2 + x0x3)
x2

0 + x2
1

, b =
2(x1x3− x0x2)

x2
0 + x2

1
. (3)

Using the expressions (3) matrix A in (1) can be written in terms of the homoge-
neous image space coordinates: Z

X
Y

=

 x2
0 + x2

1 0 0
2(x1x2 + x0x3) x2

0− x2
1 −2x0x1

2(x1x3− x0x2) 2x0x1 x2
0− x2

1

 z
x
y

 . (4)

In the following, we will assume that all points of interest in the moving system
(coupler) are proper. Therefore we set z = 1 in Eq. 4.Let us consider a point with
homogeneous coordinates (Z : X : Y ) bound to move on the circle in the base system
with centre (C0 : C1 : C2). The constraint equation of this circle is C0(X2 +Y 2)−
2C1XZ−2C2Y Z +RZ2 = 0, where R :=−r2 +C2

1 +C2
2 . Let (Z : X : Y ) be interpreted

as the image of a point in the moving system with coordinates (1 : x : y) and the
displacement be written in terms of the kinematic image space with coordinates (x0 :
x1 : x2 : x3). Because of the fact that no circle should degenerate into a line which
would happen for C0 = 0, one can set C0 = 1. As normalization of the kinematic
image space, let x0 = 1. Substituting the values of (Z : X : Y ) from Eq. 4 into the
circle equation, the constraint equation is found as

(x2−
1
2
(c2 +C2− x1(C1− c1)))2 +(x3−

1
2
(x1(c2−C2)−C1− c1))2− 1

4
R2(x2

1 +1) = 0, (5)

when the moving point has the coordinates (1 : c1 : c2), the fixed point has the
coordinates (1 : C1 : C2) and the radius is r. Substituting the coordinates of the fixed
and moving pivots of the manipulator Fig.1 into the constraint equation we obtain
three equations:
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h1 : 4x2
2 +R1 +4x2

3 = 0

h2 : 4x2
2 +R2−4A2x3x0 +4x3x0a2 +4x2

3−4x1x2a2−4x1A2x2 +4x2
1A2a2−2A2a2 = 0

h3 : 4x2
2 +4B3x0x2 +R3−4A3x3x0−4x2x0b3 +4x3x0a3 +4x2

3−4x1B3x0a3 +4x1A3x0b3−

4x1x2a3−4x1B3x3−4x1A3x2−4x1x3b3 +4x2
1A3a3 +4x2

1B3b3−2B3b3−2A3a3 = 0. (6)

If we add a normalizing condition (x2
0 + x2

1− 1 = 0) and differentiate with respect
to the motion coordinates we obtain the Jacobian matrix J. The mechanism is in a
singular pose whenever the determinant of J vanishes (S : detJ = 0). The equation
of S can be written in the form1

S : x2
0(ax0x2 +bx2x1 + cx3x1 +dx2

2 + ex3x2)+ x0x1[ f x2x1 +gx1x3 +h(x2
2 + x2

3)]

+ x2
1(ix1x3 + ex3x2−dx2

3) = 0, (7)

where

a := (A3b3−B3a3)(A2−a2), b := 2(−A2a2A3−a2A3a3 +A2a2a3 +A2B3b3 +A2A3a3−a2B3b3)

c :=−a2A3b3 +a2B3a3−2B3A2a2 +A2B3a3−A2A3b3 +2b3A2a2

d := 2(a2A3−A2a3), e := 2(a2B3−A2b3) (8)

f :=−a2B3a3 +A2B3a3 +a2A3b3−2B3A2a2−A2A3b3−2b3A2a2

g := 2(−A2A3a3−A2B3b3 +A2a2A3−a2B3b3 +A2a2a3−a2A3a3)

h := 2(a2B3 +2A2b3), i := (A3b3−B3a3)(A2 +a2).

In [6] it was shown that this algebraic surface of degree four is rational and allows
the parametrization:

x1 = u, x2 =− v(u3i+( f v+g)u2 +(bv+ c)u+av)
(ev−d)u2 +(hv2 +h)u+dv2 + ev

, x3 =− u3i+( f v+g)u2 +(bv+ c)u+av
(ev−d)u2 +(hv2 +h)u+dv2 + ev

.

(9)

Further geometric properties of S are:

1. S intersects the plane x0 = 0 in a double line and two more single lines.
2. Planes through the double line x0 = x1 = 0 intersect S additionally in conic sec-

tions. Some of the conic sections might be singular (see Section 4).
3. Poses where one leg of the manipulator has zero length correspond to further

lines on S. One of these lines has been used to obtain the rational parametrization
(see [6]).

Solving Eq. 6 for x1,x2,x3 yields the direct kinematics of the 3−RPR manipulator.
It should be noted that the elimination can be done completely general, i.e without
substituting numerical design parameters and one obtains a polynomial of degree 6,
which then, after substituting the design parameters, must be solved numerically.
We will present in the following an example having the parameters A2 = 16,A3 =
9,B3 = 6,a2 = 14,a3 = 7,b3 = 10. The three leg lengths will be l1 =

√
75, l2 =√

70, l3 = 10, → r1 = 75, r2 = 70, r3 = 100. Fig. 2 shows the manipulator and the
six (real) solutions for the above parameters. One of the solutions is highlighted the
other solutions are just shown by the poses of the end-effector triangles. Note that

1 For a more detailed deduction see [6].
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the vertices are on the corresponding constraint circles. The six solutions correspond
to the following points in the kinematic image space:

x0 x1 x2 x3
1.solution 1 -0.6677470786 -5.004903732 1.435724252
2.solution 1 -0.2050235422 -0.4833523455 4.393690958
3.solution 1 -0.1325338238 -3.108829192 3.068310422
4.solution 1 0.07787654624 -1.823931970 3.941698410
5.solution 1 0.1263321169 3.143974228 3.027320995
6.solution 1 0.6822704216 5.171971195 0.8536430082

Table 1 Six solutions of the direct kinematics

3 The singularity surface in the joint space

The rational representation Eq. 9 is now used to obtain a representation of all sin-
gularities in the joint space. Mathematically we construct a map from the kinematic
image space P3 into the joint space J3 ( j : P3→ J3). It is important to keep in mind
that the degree of this map is six, because one point in the joint space corresponds
to six points in P3. To obtain the map we substitute the components of the para-
metric representation Eq. 9 into the transformation matrix A (Eq. 4). This yields a
two parametric set of transformations, each of them leading to a singular pose of the
manipulator. Solving the inverse kinematics for this set of positions yields for the
squares of the leg lengths the following functions

X =4

(
uv2a+u2v2b+u2vc+u3v2 f +u3vg+u4vi+av+bvu+ cu+ f vu2 +gu2 +u3i

)2

(1+u2)2 (dv2 + ev+uhv2 +uh+u2ev−u2d)2 +

4

(
av+bvu+ cu+ f vu2 +gu2 +u3i

)2 (u− v)2

(1+u2)2 (dv2 + ev+uhv2 +uh+u2ev−u2d)2

Y =
(
−2

uv2a+u2v2b+u2vc+u3v2 f +u3vg+u4vi+av+bvu+ cu+ f vu2 +gu2 +u3i
(1+u2)(dv2 + ev+uhv2 +uh+u2ev−u2d)(

−1+u2
)

a2

1+u2 −A2

)2

+

(
−2

(
av+bvu+ cu+ f vu2 +gu2 +u3i

)
(u− v)

(1+u2)(dv2 + ev+uhv2 +uh+u2ev−u2d)
+2

ua2

1+u2

)2

(10)

Z =

(
−2

uv2a+u2v2b+u2vc+u3v2 f +u3vg+u4vi+av+bvu+ cu+ f vu2 +gu2 +u3i
(1+u2)(dv2 + ev+uhv2 +uh+u2ev−u2d)

−
(
−1+u2

)
a3

1+u2 −

2ub3

1+u2 −A3

)2

+

(
−2
(
av+bvu+ cu+ f vu2 +gu2 +u3i

)
(u− v)

(1+u2)(dv2 + ev+uhv2 +uh+u2ev−u2d)
+

2ua3

1+u2 −
(
−1+u2

)
b3

1+u2 −B3

)2

.

Eq.10 is a complete parametric representation of the singularity surface S in the
joint space. The constants have to be taken from Eq. 8 and one should keep in mind
that the coordinates X ,Y,Z are the squares of the leg lengths. The squares have been
taken because we are also interested in the implicit equation of S. To obtain this
equation one has to eliminate u and v in Eq.10. This cannot be done with general
design parameters. But after substituting the design parameters the elimination can
be performed for every set of parameters and one obtains an algebraic surface of
degree 12. The equation of this surface is left out due to space limitation. This alge-
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braic surface represents not only the singularities but also the complete workspace
of the manipulator. Only points inside this surface belong to the workspace of the
manipulator. A coarse picture of S, obviously obtained numerically, was reported
in [12]. The implicit equation also allows a much more accurate discussion of the
internal structure of this surface. Figs. 3 and 4 show a part of S and the intersection
of S with the plane Z = 100. The clearly visible areas in Fig. 3 correspond to either
6 solutions (most inner area), 4 solutions or two solutions of the direct kinematics.
This also was reported in other papers ([12, 10]). Note that also the intersection of
S with Z = 100 shows much more internal structure than shown in previous reports.
Remark: Discussing of S in the joint space one has to be well aware of the fact that
the mapping j has the degree six. This means that each point of S counts for six
solutions of the direct kinematics. From this follows that in general not every of the
corresponding six points in the kinematic image space represents a singular pose of
the manipulator. It follows furthermore that a curve crossing S not necessarily pro-
duces a singular pose in its intersection with S. This fact unnecessarily complicates
the construction of non-singular assembly changing trajectories in the joint space
(see [10], pp. 484).

Fig. 3 Singularity surface in joint space Fig. 4 Intersection of S with Z = 100

4 Assembly mode change

The non-singular assembly mode change has been linked to the existence of cuspidal
points in the joint space. Looking at Fig. 3 shows that the surface indeed has singular
curves that produce cusps in planes when one input variable is constant. But the
fact that each point in the joint space represents six poses of the manipulator and
additionally not every point on S has six preimages as singular poses makes the
discussion of assembly mode change in the joint space complicated. Therefore we
will use properties of S in the kinematic image space to show that every 3−RPR
manipulator in every input configuration admitting at least four real solutions of the
direct kinematics can change assembly along many different trajectories that do not
intersect S.
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The first property we will use is the fact that S is rational. This means that it
consists of a single component. It is also path connected. Any two points on S can
be connected by a continuous path completely contained in S. But this fact is not
enough to say that S divides the space into two path connected aspects, namely
one aspect belonging to det(J) < 0 and one to det(J) > 0. A simple example will
explain this argument. Consider the surface T : (x2 +y2 + z2 +b2−a2)2 = 4b2(x2 +
y2) = 0,a > b. This surface is a so called spindle torus and possesses two singular
points. Fig. 5 shows this surface which is actually somehow related to the singularity
surface. As one can clearly see, it divides the space into three regions: outside the
surface and inside the spindle (T > 0), inside the surface but outside the spindle
(T < 0). This fact is due to the singular points on T . Had a general singularity
surface S from above for example five double points it could look similar to the
surface depicted in Fig 6.

To prove that S divides P3 into two disjoint, path-connected components one has
to show that S in P3\x0 = 0 has no singularities, or, otherwise stated, S is smooth.
This proof is fairly technical, therefore it will be only sketched here. First of all

Fig. 5 Spindle torus Fig. 6 Surface with six regions

it is easy to see that all planes containing the double line (ε : x1 = τx0) at infinity
intersect S in the double line and a conic. This one parameter set of conics has been
widely used in the analysis of singularities ([8, 9]). Substituting the one parameter
set of planes ε into Eq.7 yields

x2
0(ax0x2 +bx2τx0 + cx3τx0 +dx2

2 + ex3x2 + x0τ
2 f x2 + x0τ

2gx3 + τhx2
2

+ τhx2
3 + x0τ

3ix3 + τ
2ex3x2− τ

2dx2
3) = 0. (11)

x2
0 = 0 represents the double line and the remaining expression in Eq.11 is a

quadratic form in x0,x2,x3 that can be written:

D(τ) =


0 1

2 τ2 f + 1
2 a+ 1

2 bτ
1
2 τ2g+ 1

2 τ3i+ 1
2 cτ

1
2 τ2 f + 1

2 a+ 1
2 bτ d + τ h 1

2 τ2e+1/2e

1
2 τ2g+ 1

2 τ3i+ 1
2 cτ

1
2 τ2e+ 1

2 e −τ2d + τ h

 . (12)

As every singularity of a surface induces a singularity on a planar section, one can
conclude that a singularity on S can only occur when a conic section has a singu-
larity. A regular conic on the other hand can never have a singularity. A singularity
can only appear when the conic itself is singular, i.e. when it splits into two lines.
A necessary condition for the splitting is that D(τ) = 0. This yields a polynomial
of degree 7 in τ representing all singular conics in the set ε . Fortunately this poly-
nomial factors into three quadratic terms and τ = 0. The solutions of the quadratic
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terms are:

τ1/2 =
b3 B3 +A3 a3−

√(
B3

2 +A3
2)(b3

2 +a32
)

A3 b3−B3 a3

τ3/4 =−
b3 B3 +A3 a3−A2 a3 +A2 a2−a2 A3 +

√(
(a2− a3)2 +b3

2)((A2−A3)2 +B3
2)

−A3 b3 +b3 A2 +B3 a3−a2 B3
(13)

τ5/6 =
A2a3−a2A3−

√
(A2a3−a2A3)

2 +(b3−B3)(b3 +B3)(A2−a2)(A2 +a2)

(b3 +B3)(A2 +a2)
.

Theoretically we would have now the situation that seven double points would be
possible and this would mean in general that each of the six solutions of the direct
kinematics could be inclosed in a region of S. There is only one possibility that this
cannot happen: in each of the points of intersection of the singular conics (potential
candidates of singular points of S) the plane spanned by the two singular lines is
tangent plane to S. A lengthy computation, which computes the point of intersection
of each pair of singular lines and the tangent plane in this point shows that this is
indeed the case. Therefore we can conclude that S outside of the double line has no
singularity. S is a smooth surface and divides P3 into two connected components 2.

In the kinematic image space it is now easy to construct trajectories that connect
solutions of the direct kinematics without crossing the singularities. We show the al-
gorithm in constructing such trajectories for the example used before. First of all we
look which solutions are "inside" of S and which are "outside". Substituting the six
solutions of Tab.2 into Eq.7 we obtain the following values: Values with the same

1.solution 2.solution 3.solution 4.solution 5.solution 6.solution
-6711.754125 1984.244553 2346.758854 -1975.121040 -2560.561059 9001.350319

Table 2 detJ of the six solutions

sign are in the same component. A curve connecting two solutions is constructed
as quadratic Bezier curve with one additional conveniently chosen point as control
point. Fig.7 shows the six solutions and seven trajectories. The two trajectories con-
necting the solutions 4 and 5 have been chosen to show that the transition from one
solution to the other can be either through the hole of the surface or around the
surface. The trajectory s45 around the surface has the parametric representation

x1 = 0.1263321169(1− t)2 +1.2t(1− t)+0.07787654624t2,

x2 = 3.143974228(1− t)2−10t(1− t)−1.823931970t2 (14)

x3 =−3.027320995(1− t)2−10t(1− t)+3.941698410t2,

which for t = 0 yields the solution 4 and for t = 1 gives solution 5. Although clearly
visible in Fig. 7 that this curve goes around S we plot (Fig. 10) the function that is
obtained when substituting the components of Eq. 14 into the implicit equation of S
(Eq. 7). It is obvious that no zero is in the interval [0,1]. The other curves connect-
ing the solutions were constructed in the same way. As one can see it is possible

2 A rigorous proof of this statement will be published in [7]
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to connect all three solutions of one component. Using the parametric expression

Fig. 7 Singularity surface with non singular as-
sembly mode changing trajectories

Fig. 8 Curve s45 and parts of S in the joint
space
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Fig. 9 Plot of detJ along s45
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Fig. 10 Pull back of s45 to kinematic image space

Eq.14 of s45 one can easily obtain a parametric representation X(t),Y (t),Z(t) in the
joint space. Surprisingly the curve s45 does intersect the singularity surface S and we
cannot observe that this curve is encircling a cusp. The first fact has the following
explanation: Each point of the joint space represents six poses of the manipulator or
six points of the kinematic image space. In general only one of these points is a sin-
gular point the other points are regular. The curve s45 represents six different curves
of the kinematic image space. These six curves start at the six solution points and
finish at the solution points. But their behavior is different. This can be seen easily
seen after mapping s45 back to the image space. In substituting the one parameter
set of joint parameters e.g. in the univariate polynomial of the direct kinematics one
obtains the plot Fig. 10: As clearly visible the curve starting at the solution 5 crosses
over to solution 4 in the point D. Looking at the solution 2 one can see that it is con-
nected to solution 1, but this curve crosses the singularity surface. This is also clear
from the different signs of these solutions in Tab.4. The second fact, namely that the
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curve s45 does not encircle a cusp has the reason that cusps have only a meaning in
planar intersections of S. There is no need to use this property in 3d.

5 Conclusions

The author is well aware that due to limitations of space not all details of the non
singular assembly mode change features could be explained. But it has been estab-
lished that all general 3−RPR planar parallel manipulators have this property in
every joint configuration that allows at least four solutions of the direct kinematics.
Some proofs e.g. for the assumption that the solutions are equally distributed in the
two aspects are left for further publications [7].
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